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& 2009 Elsevier GmbH. All rights reserved.1. Bounds for the Legendre complete elliptic integral of the ﬁrst kind
Let us consider the sequence fwngnZ1, deﬁned for all nZ1 integer by the relation
wn :¼
G nþ 12
 
ﬃﬃﬃ
p
p
Gðnþ1Þ ¼
ð2n1Þ!!
ð2nÞ!! ;
where, as usual, G stands for the Euler gamma function. This sequence is related to the well-known
Wallis’ product formula of approximation of p and it has been studied by many mathematicians in
the last 10 years. The interested reader is referred to the papers [5,6] and to the references therein. InH. All rights reserved.
s), bariczocsi@yahoo.com (A´. Baricz).
rted by the Hungarian University Federation of Cluj.
the Ja´nos Bolyai Research Scholarship of the Hungarian Academy of
S. Andra´s, A´. Baricz / Expositiones Mathematicae 28 (2010) 357–364358order to improve Kazarinoff’s result [7, p. 192], i.e.
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðnþ1=2Þ
p o G nþ 12
 
ﬃﬃﬃ
p
p
Gðnþ1Þo
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðnþ1=4Þ
p ;
recently, Chen and Qi [5] proved the following sharp inequalities for the sequence fwngnZ1
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðnþm1Þ
p r G nþ 12
 
ﬃﬃﬃ
p
p
Gðnþ1Þo
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðnþm2Þ
p ; ð1Þ
which hold for all nZ1, and the constants m1 ¼ 4=p1 and m2 ¼ 1=4 are the best possible. Even if
these inequalities are interesting in their own right, in this section we show that (1) can be used to
deduce sharp lower and upper bounds for the Legendre elliptic integral of the ﬁrst kind. Not
surprisingly, these bounds can be represented as hypergeometric functions and for the reader’s
convenience we recall some basic facts.
Let 2F1ða; b; c; rÞ denote the Gaussian hypergeometric series (function), which for real numbers
a; b; c and ca0;1;2; . . . has the inﬁnite series representation
2F1ða; b; c; rÞ :¼
X
nZ0
ðaÞnðbÞn
ðcÞn
 r
n
n!
for all r 2 ð1;1Þ; ð2Þ
where ðaÞ0 ¼ 1 for aa0 and ðaÞn ¼ aðaþ1Þ . . . ðaþn1Þ ¼GðaþnÞ=GðaÞ for each n¼ 1;2; . . . denotes the
well-known Pochhammer (or Appell) symbol. A special case of the zero-balanced Gaussian
hypergeometric functions 2F1ða; b; aþb; rÞ, namely the Legendre complete elliptic integral of the
ﬁrst kind K is of particular interest in many problems of physics, engineering, geometry, geometric
function theory, quasiconformal analysis, theory of mean values and number theory. This elliptic
integral is deﬁned as follows
KðrÞ :¼ p
2
 2F1
1
2
;
1
2
;1; r2
 
¼
Z p=2
0
ð1r2sin2tÞ1=2 dt;
where r 2 ð0;1Þ. Motivated by the importance of this elliptic integral many authors deduced
interesting symmetric lower and upper bounds in terms of elementary functions. For more details
about this special function, monotonicity properties, symmetric lower and upper bounds the
interested reader is referred to the papers [1–4] and to the references therein. Since from (2) the
Legendre complete elliptic integral of the ﬁrst kind can be rewritten as follows
KðrÞ ¼ p
2
X
nZ0
ð1=2Þnð1=2Þn
ð1Þnn!
r2n ¼ p
2
X
nZ0
G nþ 12
 
ﬃﬃﬃ
p
p
Gðnþ1Þ
" #2
r2n;
the following result is an immediate consequence of (1).
Theorem 1. Let us consider the functions f ; g : ð0;1Þ-R, deﬁned by
f ðrÞ :¼ KðrÞp
2
 1
2m1
½2F1ð1;m1;m1þ1; r2Þ1;
gðrÞ :¼ KðrÞp
2
 1
2m2
½2F1ð1;m2;m2þ1; r2Þ1;
where m1 ¼ 4=p1 and m2 ¼ 1=4. Then, the MacLaurin series of the functions f andg have constant term
zero and all other coefﬁcients positive. In particular,we have the following lower and upper bounds for the
Legendre complete elliptic integral of the ﬁrst kind:
p
2
þ 1
2m1
½2F1ð1;m1;m1þ1; r2Þ1oKðrÞo
p
2
þ 1
2m2
½2F1ð1;m2;m2þ1; r2Þ1; ð3Þ
where r 2 ð0;1Þ and both inequalities are sharp as r tends to zero.
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f ðrÞ ¼KðrÞp
2
 1
2m1
½2F1ð1;m1;m1þ1; r2Þ1
¼ p
2 2
F1
1
2
;
1
2
;1; r2
 
1
 
 1
2m1
½2F1ð1;m1;m1þ1; r2Þ1
¼ p
2
X
nZ1
ð1=2Þnð1=2Þn
ð1Þnn!
r2n 1
2m1
X
nZ1
ð1Þnðm1Þn
ðm1þ1Þnn!
r2n
¼ p
2
X
nZ1
G nþ 12
 	 
2
pðn!Þ2
r2np
2
X
nZ1
1
pðnþm1Þ
r2n
¼ p
2
X
nZ1
G nþ 12
 
ﬃﬃﬃ
p
p
Gðnþ1Þ
" #2
 1pðnþm1Þ
2
4
3
5r2n40;
and
gðrÞ ¼KðrÞp
2
 1
2m2
½2F1ð1;m2;m2þ1; r2Þ1
¼ p
2 2
F1
1
2
;
1
2
;1; r2
 
1
 
 1
2m2
½2F1ð1;m2;m2þ1; r2Þ1
¼ p
2
X
nZ1
ð1=2Þnð1=2Þn
ð1Þnn!
r2n 1
2m2
X
nZ1
ð1Þnðm2Þn
ðm2þ1Þnn!
r2n
¼ p
2
X
nZ1
G nþ 12
 	 
2
pðn!Þ2
r2np
2
X
nZ1
1
pðnþm2Þ
r2n
¼ p
2
X
nZ1
G nþ 12
 
ﬃﬃﬃ
p
p
Gðnþ1Þ
" #2
 1pðnþm2Þ
2
4
3
5r2no0;
where in view of (1) we have used the sharp inequalities
1
pðnþm1Þ
r G nþ
1
2
 
ﬃﬃﬃ
p
p
Gðnþ1Þ
" #2
o 1pðnþm2Þ
; ð4Þ
which hold for all nZ1, and the constants m1 ¼ 4=p1 and m2 ¼ 1=4 are the best possible. &
2. Bounds for the generalized complete elliptic integrals of the ﬁrst kind
Recently, Koumandos [6] pointed out that the improvedWallis inequality (1) in fact follows easily
from a well-known result of Watson. Moreover, he pointed out that it can be shown that for each
a 2 ð0;1Þ and nZ1
1
Gð1aÞðnþ1Þa o
ð1aÞn
n!
o 1
Gð1aÞna : ð5Þ
Changing in the above inequality a with 1a we obtain that
1
GðaÞðnþ1Þ1a
o ðaÞn
n!
o 1
GðaÞn1a
holds too for all a 2 ð0;1Þ and nZ1. Now multiplying the corresponding parts of these inequalities
and using the reﬂection property of the gamma function, i.e.
GðaÞGð1aÞ ¼ p
sinpa ;
we obtain
sinpa
p
1
nþ1o
ðaÞnð1aÞn
ð1Þnn!
o sinpa
p
1
n
: ð6Þ
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ﬁrst kind Ka, deﬁned by
KaðrÞ :¼ p
2
 2F1ða;1a;1; r2Þ;
where a; r 2 ð0;1Þ, satisﬁes the following inequalities
p
2
1 sinpa
p
1
r2
logð1r2Þþ1
  
oKaðrÞo p
2
1 sinpa
p
logð1r2Þ
 
; ð7Þ
which holds for all a; r 2 ð0;1Þ and both of inequalities are sharp as r tends to zero. However, due to
Koumandos [6] there is an improvement of (5), which we will use as follows to deduce more tight
bounds to those presented in (7) for the generalized elliptic integral of the ﬁrst kind Ka. To achieve
our goal ﬁrst we improve (6).
Lemma 1. For all a 2 ð0;1Þ and nZ1 integer the following sharp inequalities hold
sinpa
p
1
nþm1ðaÞ
o ðaÞnð1aÞnð1Þnn!
o sinpa
p
1
nþm2ðaÞ
; ð8Þ
where the constants
m1ðaÞ :¼
a
½Gð2aÞ1=a þ
1a
½Gð1þaÞ1=ð1aÞ 1;m2ðaÞ :¼ 1þ
a
2
  3a
2þa
 a
1
are the best possible.
Proof. Recently, in order to improve (5), Koumandos [6] established the following generalization of
the improved Wallis’ inequality (1)
1
Gð1aÞ½nþn1ðaÞa
r ð1aÞn
n!
o 1
Gð1aÞ½nþn2ðaÞa
; ð9Þ
where a 2 ð0;1Þ, nZ1 and the constants
n1ðaÞ ¼
1
½Gð2aÞ1=a
1 and n2ðaÞ ¼
1a
2
are the best possible. Using (9) and the reﬂection property of the gamma function we have
sinpa
p
1
½nþn1ðaÞa½nþn1ð1aÞ1a
r ðaÞnð1aÞnð1Þnn!
and
ðaÞnð1aÞn
ð1Þnn!
o sinpap
1
½nþn2ðaÞa½nþn2ð1aÞ1a
;
where a 2 ð0;1Þ and nZ1. In order to prove (8) in what follows we show that for each a 2 ð0;1Þ and
nZ1 the following inequalities hold true
1
½nþn2ðaÞa½nþn2ð1aÞ1a
r 1
nþm2ðaÞ
; ð10Þ
1
½nþn1ðaÞa½nþn1ð1aÞ1a
4
1
nþm1ðaÞ
; ð11Þ
and in these inequalities the constants m1ðaÞ and m2ðaÞ are the best possible. First observe that (10) is
equivalent to
m2ðaÞr ½nþn2ð1aÞ
nþn2ðaÞ
nþn2ð1aÞ
 a
n; ð12Þ
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m1ðaÞ4 ½nþn1ð1aÞ
nþn1ðaÞ
nþn1ð1aÞ
 a
n: ð13Þ
Now, consider the function fa;b : ½0;1Þ-R, deﬁned by
fa;bðxÞ :¼ ðxþaÞ
xþb
xþa
 a
x;
where a 2 ð0;1Þ and a;b40, aab. Then we have
fa;b
0 ðxÞ ¼ xþb
xþa
 a
þa xþb
xþa
 a1 ab
xþa1;
and this is positive if and only if for all xZ0, a 2 ð0;1Þ and a;b40, aab we have
xþa
xþb
 a
o1þa  ab
xþb :
But, the well-known Bernoulli inequality [7, p. 34] states that if a 2 ð0;1Þ and y41, ya0, then
we have
ðyþ1Þao1þay:
Choosing in Bernoulli’s inequality y¼ ðabÞ=ðxþbÞ we conclude that fa;b0 ðxÞ40 for all xZ0 and
a;b40, aab, i.e. the function fa;b is strictly increasing. Consequently we obtain that for each
a 2 ð0;1Þ and nZ1 the inequality fn2ð1aÞ;n2ðaÞðnÞZ fn2ð1aÞ;n2ðaÞð1Þ ¼ m2ðaÞ, i.e. (12) holds true. This
implies that (10) holds true and thus the proof of the upper bound in (8) is done. On the other hand it
is easy to see that limx-1fa;bðxÞ ¼ abþð1aÞa. Thus using again the fact that fa;b is strictly increasing
we obtain that
fn1ð1aÞ;n1ðaÞðnÞo limn-1fn1ð1aÞ;n1ðaÞðnÞ ¼ an1ðaÞþð1aÞn1ð1aÞ ¼ m1ðaÞ;
i.e. (13), and in addition (11) holds. This completes the proof. &
We are now in a position to improve (7) and to generalize (3).
Theorem 2. Let us consider the functions fa; ga : ð0;1Þ-R, deﬁned by
faðrÞ :¼ KaðrÞp
2
 sinpa
2m1ðaÞ
½2F1ð1;m1ðaÞ;m1ðaÞþ1; r2Þ1;
gaðrÞ :¼ KaðrÞp
2
 sinpa
2m2ðaÞ
½2F1ð1;m2ðaÞ;m2ðaÞþ1; r2Þ1;
where a 2 ð0;1Þ and m1ðaÞ, m2ðaÞ are as in Lemma 1. Then, the MacLaurin series of the functions fa andga
have constant term zero and all other coefﬁcients positive. In particular, we have the following lower and
upper bounds for the generalized complete elliptic integral of the ﬁrst kind:
p
2
þ sinpa
2m1ðaÞ
½2F1ð1;m1ðaÞ;m1ðaÞþ1; r2Þ1oKaðrÞ; ð14Þ
KaðrÞo p
2
þ sinpa
2m2ðaÞ
½2F1ð1;m2ðaÞ;m2ðaÞþ1; r2Þ1; ð15Þ
where a; r 2 ð0;1Þ and both inequalities are sharp as r tends to zero.
Proof. Our strategy is as in the proof of Theorem 1. Elementary computations show that
faðrÞ ¼KaðrÞp
2
 sinpa
2m1ðaÞ
½2F1ð1;m1ðaÞ;m1ðaÞþ1; r2Þ1
¼ p
2
½2F1ða;1a;1; r2Þ1
sinpa
2m1ðaÞ
½2F1ð1;m1ðaÞ;m1ðaÞþ1; r2Þ1
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2
X
nZ1
ðaÞnð1aÞn
ð1Þnn!
r2n sinpa
2mlðaÞ
X
nZ1
ð1Þnðm1ðaÞÞn
ðm1ðaÞþ1Þnn!
r2n
¼ p
2
X
nZ1
ðaÞnð1aÞn
ð1Þnn!
r2np
2
X
nZ1
sinpa
p
1
nþm1ðaÞ
r2n
¼ p
2
X
nZ1
ðaÞnð1aÞn
ð1Þnn!
 sinpap
1
nþm1ðaÞ
 
r2n40;
and
gaðrÞ ¼KaðrÞp
2
 sinpa
2m2ðaÞ
½2F1ð1;m2ðaÞ;m2ðaÞþ1; r2Þ1
¼ p
2
½2F1ða;1a;1; r2Þ1
sinpa
2m2ðaÞ
½2F1ð1;m2ðaÞ;m2ðaÞþ1; r2Þ1
¼ p
2
X
nZ1
ðaÞnð1aÞn
ð1Þnn!
r2n sinpa
2m2ðaÞ
X
nZ1
ð1Þnðm2ðaÞÞn
ðmuðaÞþ1Þnn!
r2n
¼ p
2
X
nZ1
ðaÞnð1aÞn
ð1Þnn!
r2np
2
X
nZ1
sinpa
p
1
nþm2ðaÞ
r2n
¼ p
2
X
nZ1
ðaÞnð1aÞn
ð1Þnn!
 sinpa
p
1
nþm2ðaÞ
 
r2no0;
where we have used the sharp inequality (8) from Lemma 1. &3. Concluding remarks
1. We note that since K1=2 ¼K, m1ð1=2Þ ¼ m1, m2ð1=2Þ ¼ m2, f1=2 ¼ f and g1=2 ¼ g it is clear that
for a¼ 1=2, inequality (14) coincides with the left hand side of (3), and inequality (15)
coincides with the right hand side of (3). Thus Theorem 2 is a natural generalization of
Theorem 1.2. In 1992 Anderson et al. [3] proved that the Legendre complete elliptic integral of the ﬁrst kind
K1=2 ¼K can be approximated by the inverse hyperbolic tangent function arth, i.e.
arth r¼ 1
2
log
1þr
1r
 
¼ r  2F1
1
2
;1;
3
2
; r2
 
; where r 2 ð0;1Þ:
More precisely, Anderson et al. proved that for r 2 ð0;1Þ we have
p
2
 arth r
r
 1=2
oKðrÞo p
2
 arth r
r
: ð16Þ
It is also worth mentioning that, recently, the left hand side of inequality (16) was improved by
Alzer and Qiu [1]. They proved that for all r 2 ð0;1Þ we have
p
2
 arth r
r
 a
oKðrÞo p
2
 arth r
r
 b
ð17Þ
with the best possible constants a¼ 3=4 and b¼ 1. We note that our upper bound from (3) is
tighter than the upper bound from (16), or (17). To see this, consider the function h : ð0;1Þ-R,
deﬁned by the relation
hðrÞ :¼ p
2
 arth r
r
p
2
 1
2m2
½2F1ð1;m2;m2þ1; r2Þ1:
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1
1.5
2
2.5
3
3.5
4
4.5
Fig. 1. The graph of the functions u and v.
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hðrÞ ¼ p
2 2
F1
1
2
;1;
3
2
; r2
 
1
 
2 2F1 1;
1
4
;
5
4
; r2
 
1
 
¼ p
2
X
nZ1
ð1=2Þnð1Þn
ð3=2Þn
r2n
n!
2
X
nZ1
ð1Þnð1=4Þn
ð5=4Þn
r2n
n!
¼
X
nZ1
p
2
ð1=2Þn
ð3=2Þn
2 ð1=4Þnð5=4Þn
 
r2n
¼
X
nZ1
p
2
1
2nþ1
2
4nþ1
 
r2n:
Since
nZ14
4p
4p8 ;
it follows that the MacLaurin series of the function h has constant term zero and all other
coefﬁcients positive. In particular, for each r 2 ð0;1Þ we have hðrÞ40, and this implies that the
right hand side of (16) is weaker than the right hand side of (3).3. Moreover, based on numerical experiments, we claim that our lower bound from (3) is tighter
than the lower bound from (17) (see Fig. 1). Thus, we end this paper with the following conjecture:
Conjecture. For all r 2 ð0;1Þ we have
uðrÞovðrÞ;
where
uðrÞ ¼ p
2
 arth r
r
 3=4
and
vðrÞ ¼ p þ 1 ½ F ð1;4=p1;4=p; r2Þ1:
2 2ð4=p1Þ 2 1
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